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Abstract. We consider real scalar field theories whose dynamics is ruled by normally hyperbolic operators 
differing only by a smooth potential V. By means of an extension of the standard definition of Mpller 
operator, we construct an isomorphism between the associated spaces of smooth solutions and between the 
associated algebras of observables. On the one hand such isomorphism is non-canonical since it depends 
on the choice of a smooth time-dependant cut-off function. On the other hand, given any quasi-free 
Hadamard state for a theory with a given V, such isomorphism allows for the construction of another 
quasi-free Hadamard state for a different potential. The resulting state preserves also the invariance 
under the action of any isometry, whose associated Killing field commutes with the vector field built out 
of the normal vectors to a family of Cauchy surfaces, foliating the underlying manifold. Eventually we 
discuss a sufficient condition to remove on static spacetimes the dependence on the cut-off via a suitable 
adiabatic limit. 
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1 Introduction 

The algebraic approach is a mathematically rigorous scheme which is especially well-suited for 
formulating quantum theories also on globally hyperbolic spacetimes - see |BD15[ IBFR13| for 
recent reviews. In a few words it can be described as being based on two key objects. The 
first consists of the assignment to a physical system of a suitable *-algebra of observables, 
which encodes structural properties such as locality, causality and the dynamics. For free field 
theories this step has been thoroughly investigated and it is well-understood - see for example 
|BDH13[[BDT5llFRl4] . 

The second ingredient consists of the identification of an algebraic state, that is a positive, 
linear and normalized functional on the algebra of observables. Via the celebrated GNS theorem 
one can recover the usual probabilistic interpretation proper of quantum theories. Yet, between 
the plethora of possible states, not all are considered to be physically acceptable and a widely 
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recognized criterion to single out the relevant ones is to require that the so-called Hadamard 
condition is fulfilled. Especially thanks to the work of Radzikowski |Rad96al IRad96b] . such 
condition has been translated in a constraint on the form of the wavefront set of the bidistribution 
associated to the two-point correlation function, built out of the state. The advantages of 
using the so-called Hadamard states are manifold, ranging from the finiteness of the quantum 
fluctuations of all observables to the possibility of constructing Wick polynomials following a 
covariant scheme - see |KM14| for a recent exhaustive review. 

Once the Hadamard condition is assumed, several natural questions arise. The first concerns 
the existence of such states, a problem which was answered positively for free field theories 
(barring linearised gauge theories for which the method cannot be applied - see for example 
|BDM141 IFL141IGW151 rWZ14] l in [FNWSlj by means of a spacetime deformation technique. 

The second is instead how to construct concretely Hadamard states. This problem has been 
investigated extensively in the last ten years and several options are available. If the underlying 
background is highly symmetric, such as the spacetimes of cosmological interest, one can resort 
to a mode expansion [OlbOTt ITB13| , a technique which can be employed successfully to construct 
ground states of Hadamard form also if the metric is stationary [SV00| . Other efficient techniques 
rely on pseudodifferential calculus |GW14b] or on the existence of a (conformal) null boundary 
of the underlying spacetime [DMP061 IDMP09al IDMP09bl IGW14a| . 

The third question, which is especially interesting from a physical point of view, is whether, in 
between the existing Hadamard states, there are some invariant under the action of all isometries 
of the underlying background. In general the answer to this question is negative, since there are 
well known cases, such as the massless, minimally coupled scalar field on globally hyperbolic, 
static spacetimes with compact Gauchy surfaces, when these states do not even exist. Even 
excluding these pathological scenarios, identifying isometry invariant, Hadamard states is not 
an easy task and a concrete way of doing it is known either in highly symmetric backgrounds, 
such as those of cosmological interest and those possessing a complete timelike Killing field, or 
for specific free fields with a special value of the mass and of the coupling of scalar curvature. An 
example is the massless and conformally coupled real scalar field on an asymptotically flat and 
globally hyperbolic spacetime for which Hadamard states, invariant under all isometries have 
been constructed in [DHPOb] . 

Especially this last case leads to wonder whether, knowing a Hadamard, isometry invariant, 
algebraic state for a free field theory with given values of the parameters such as the mass 
and the coupling to scalar curvature, is not sufficient to build a counterpart with the same 
properties for other values of the parameters. The goal of this paper is to address this question. 
More precisely we shall tackle this problem for vector valued real scalar fields and a family 
of normally hyperbolic partial differential operators differing only for a smooth, formally self- 
adjoint potential V. Notice that this hypothesis includes in particular the case V = -|- ^R, 

^ E M and R being the scalar curvature, which is in many cases the most interesting one. We 
remark from the very beginning that we will address the whole problem from an abstract point of 
view, not entering into specific applications, such as for example constructing isometry invariant, 
Hadamard states for massive real scalar helds in asymptotically flat spacetimes, starting from 
the results of [DMPOG] . Such analysis would require a paper on its own and we plan to present 
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it elsewhere. Furthermore we remark that, although we focus only on scalar fields, we expect 
that our procedure can be generalized almost straightforwardly to other cases, such as the Dirac 
and the Proca field. In the first case in particular the counterpart of our procedure might be 
related to other recent approaches [FMR,15j . 

The procedure, that we follow, elaborates on the initial stages of the approach followed in 
[DHP15| to prove the principle of perturbative agreement and most notably on the so-called 
Mpller operator which is an intertwiner between the spaces of smooth solutions of free field 
theories whose dynamics is ruled by normally hyperbolic operators differing only for a smooth 
and compactly supported potential. Notice that, therefore, terms like a constant squared mass 
or a non minimal coupling to scalar curvature are excluded. 

As a first step in this paper we will show that, using carefully the domain of definition of the 
retarded and of the advanced Green operator of a normally hyperbolic PDO, the requirement 
on the support of the potential can be greatly relaxed, leading to what we call extended M0ller 
operator. The main advantage of the extension is the possibility to combine it with the time-slice 
axiom in order to construct an explicit isomorphism between spaces of dynamical configurations 
for scalar fields whose dynamics differs by a term linear in the field, depending on a smooth 
external potential. Such isomorphism turns out to be non-canonical since it depends on the 
choice of a cut-off, function only of the time variable t. 

As a second step we will extend this new isomorphism to one between the ^-algebras of fields 
of the two theories, showing as a by-product that it allows to pull-back states from one theory 
to the other. This procedure is remarkable since, if we start from a Hadamard state invariant 
under all background isometries, the pull-back preserves automatically the Hadamard condition 
and the invariance under all isometries whose associated Killing field commutes with the vector 
field built out of the normals to the Cauchy surfaces, individuating a foliation of the background, 
as specified in a theorem by Bernal and Sanchez - see Section 2. This result is already rather 
satisfactory since, in many concrete cases, only isometries of this kind are present. 

Yet, for the sake completeness and to check the robustness of our method, we investigate 
the possibility of removing the dependence on the cut-off function, a procedure which becomes 
especially important on stationary spacetimes when additional isometries are present. This 
limit procedure, which we will call adiabatic limit., can be well-defined only in a suitable weak 
sense. On the one hand we will show that, when we can take such limit, the resulting state will 
become invariant also under time translation. On the other hand, if we consider static, globally 
hyperbolic spacetimes, we can investigate the removal of the cut-off dependence at the level of 
modes. For the limit to be well-defined, we are able to write a sufficient condition, which is 
fulfilled on Minkowski spacetime. Furthermore, as a by-product, it turns out that, if one starts 
from a ground state, it ends up with a counterpart enjoying the same property. 

The outline of the paper is as follows; In Section 2 we introduce the extended Mpller operator 
and we study its structural properties, showing in particular that it allows the identification of 
a non-canonical isomorphism between spaces of dynamical configurations for scalar fields whose 
dynamics differs by a term linear in the field, depending on a smooth, formally self-adjoint, 
external potential. In Section 3, we extend such isomorphism at the level of the algebra of 
observables, while in Section 4 we discuss the deformation argument at a level of algebraic 
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states. In particular we discuss the Hadamard property, the interplay with the background 
isometries and the role of the cut-off function, which makes the above mentioned isomorphism 
non canonical. We discuss how such cut-off might be removed (adiabatic limit) and the additional 
properties of the algebraic state when such operation is well-dehned. In the last Section, we 
discuss the adiabatic limit for static spacetimes by means of a mode expansion. 

2 The extended M0ller operator - Classical configurations 

Consider an arbitrary finite dimensional vector bundle E = E[W, vr, M] over a four-dimensional 
globally hyperbolic spacetime M. Here M comes endowed with a smooth Lorentzian metric g 
of signature (—, -|-, -|-, -|-) and its futher supposed to be oriented and time oriented. We assume 
that E is equipped with a fiberwise positive scalar product (,)e and with a (, )s-compatible 
connection. The latter one induces, together with the Levi-Civita connection, a connection V 
on C) E for all £ > 0. Let r(£'), the space of smooth sections of E, be referred as the 

space of kinematical configurations. In order to define a classical field theory we need to fix the 
dynamics, which we assume to be ruled by the following linear operator: 

Pyf)={P + V)fi = 0, feT{E), ( 1 ) 

where P is a V-compatible |BGP07[ Lemma 1.5.5], normally hyperbolic operator while V : 
T{E) — )■ r(P) is a linear term which, in every local coordinate neighbourhood U of M, such 
that E restricted thereon is trivial, is a smooth map from U to End(IT). Observe that the 
choice of (, )£-compatible connection V has been made for later convenience, see Remark[U and 
since the prototype of a normally hyperbolic operator is Pcj) = Tr(V^0), G r(P), namely the 
connection d’Alembert operator [BCPOT] Example 1.5.2] obtained through V. For all practical 
purposes, the main example that we have in mind consists of the case when E = M xM, P = Og 
is the d’Alembert wave operator, while H is a mass-like term such as mf + fR, ^ G M, while R 
is the scalar curvature of {M,g). 

Despite the fact that both P,Pv are normally hyperbolic operators, the H-term in ([T]) has 
been decoupled from P since we want to consider it as a perturbation potential along the same 
lines followed by [DHP15| to prove the generalized principle of perturbative agreement. The key 
difference is that we do not require V to be compactly supported. 

Recall that, since Py is a normally hyperbolic operator, it possesses Green operators. Before 
dehning them we introduce a class of notable functions: 

Definition 2.1. We say that / G r(E) is past-compact (-) or fnture compact (-I-) if 
supp(/) n J^{p) is compact for all p G M. We denote the space of these functions respec¬ 
tively as Tpc{E) and T ffiE). We say that / is timelike compact if it is both past and future 
compact. We call Vtc{E) = TpfiE) n T fc{E). 

For every (j) G r(£') and for every a G ro(E), we introduce the pairing 

{a,(j)) = j dgg{a,(l))E, (2) 

M 
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where {,)e is the scalar product of the fibres of E and dfig is the metric-induced volume form. 
Henceforth we assume also that V is formally self-adjoint with respect to the pairing ([2]). Fol¬ 
lowing |Barl3[ ISanl3| , 

Definition 2.2. We call retarded Green operator, Gy : TpciE) rpc{E) and advanced Green 
operator Gy ; F fc{E) —)■ F fc{E) the unique maps such that 

PyoGy = GyoPv = id\ Fpc//c(-E') Fpc//c(£^) 

Additionally we call causal propagator Gy = Gy — Gy : rUE) ^ r(E). 

Notice that the uniqueness of Gy is a by-product of the results of |Barl3[ [Sanl3| . once one 
notices that P is a formally self-adjoint operator with respect to the pairing ([2]). Additionally, 
since Py is normally hyperbolic, it holds that, for all / E Tp^/f^{E), 

supp(G^(/)) C J=^(supp(/)). 


The properties of the causal propagator can be summarized in the following short exact sequence 
of vector spaces: 

0 ^ Ffc(P) ^ TtciE) ^ T{E) ^ T{E) 0. 

As by-product, if we call §>y{M) = {(/>£ T{E) \ Py(j) = 0} the space of dynamical configurations, 
the following is an isomorphism of topological vector spaces: 


Sy(M) ~ 


TtcjE) 

PvrtciE) ■ 


(3) 


The isomorphism is realized via the causal propagator Gy itself. 

We investigate whether it is possible to relate the spaces of dynamical configurations for 
different choices of the potential V. Notice that it is sufficient to answer to this question for 
the case when the dynamics is ruled on the one hand by P and on the other hand by Py with 
any but fixed choice of H 0- To this end, we generalize the so-called Mpller operator - see for 
example |DHP15j . As a first step we recall a notable property of globally hyperbolic spacetimes 
[BSn51 [Ge7nj . here presented as in [BGPOTl Th. 1.3.10]: 

Proposition 2.3. Let {M,g) he a four dimensional, connected, orientahle and time orientable 
spacetime. The following statements are equivalent: 


1. {M,g) is globally hyperbolic. 

2. There exists a Gauchy surface in {M,g). 

3. {M,g) is isometric to M x B endowed with the line element ds'^ = —fidt^ -|- ht where 

t : X T, ^ M is the projection on the first factor, (3 is a smooth and strictly positive, 
scalar function on M x T, and t ht, t £ M, yields a one-parameter family of smooth 

Riemannian metrics. Furthermore, for all t £ M, {t} x T is a dimensional, spacelike, 
smooth Gauchy surface in M. 
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In order to simplify several statements, we fix once and for all the foliation of (M, as M x S 
as well as a time coordinate t as in Proposition 12.31 Furthermore we introduce the following 
auxiliary structure, 

Definition 2.4. Let (M, g) be a globally hyperbolic spacetime. We call a subset Isf of M a 
Cauchy neighbourhood if (N, g'ljj-) is a globally hyperbolic submanifold of M which contains 
a whole Cauchy surface of M. A smooth, past compact, function on M, depending only on the 
variable t, is called a partition of unity subordinated to Af, if it is equal to 1 on \ N and 

to 0 on J“(Af) \ N. 

Henceforth we shall assume that a fixed Cauchy neighbourhood N has been taken and we 
introduce x+, a partition of unity subordinated to it. At the same time we call x“(t) = 
1 — x'*'(f) £ The following theorem is an important, albeit intermediate, step in our 

construction: 

Theorem 2.5. Let $y+{M) and S(M) be the space of dynamical configurations for ([T|) with 
V+ = Vx+{t)^0 in the first case and for V = in the second one. We call extended Mpller 
operator the map 

Roy+ = I - G++ P+ : r(i?) ^ r{E), (4) 

where Gy+ is the retarded Green operator of Py+ = P + V~^ as in Definition \2.iA i?oy+ 

1. an automorphism ofT{E) whose inverse is Rq\^+ '■ L^E) —)■ r(S) such that 

R-^y^^ = (l + G+V+) (/p, Vyp G TiE) (5) 

where G~^ is the retarded Green operator of P. 

2. an intertwiner between P = Pq and Py+ , namely 

Pv+ ° ^o,v+ ~ P- 

In other words Roy+ implements a non-canonical isomorphism between S(M) and §y+ (M). 

Proof. The first step consists of noticing that the extended Mpller operator is well-defined. As 
a matter of fact, if 0 G r(£'), it turns out that x'^4^ G ^pc{P), Le. it lies in the domain of Gy+. 
The smoothness of R^ y+cf is a by-product of the regularity properties of the advanced and 
retarded Green operators. To prove the first statement it suffices to show that 1 + G~^V~^ is both 
a left and a right inverse of Rq y+ on r(E). Notice that the candidate inverse is well-dehned on 
all elements of r(E) for the same reason for which Pq y+, is. Hence on r(S) it holds 

i?o,F+ ° ^0";^+ = - gu = 

I - G++ H+ + G+V+ - G++ {Py+ - P)G+ H+ = 

I - G++ V+ + G+ - G+P+ + G++H+ = I, 
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where we used both the identity Py+ — P = and that G~^V'^(p S Tpc{E) for any ip E r(£^). 
Therefore we are entitled to use the identities P o = *d|rpc(-B) a-iid o Py+ = 

Notice that we have shown only that RQy+ is a right inverse of -Ro,v+) but the procedure to 
prove that it is also a left inverse is the same and, therefore, we shall omit it. 

The second statement, namely Py+ o i?Q y+ = P descends from Definition 12.21 and from the 
following chain of identities: 

Py+ O R^y+ =p+V+ - {Py+ O G++) v+ =P+V+ -V+ =P. (6) 

In other words, if (/> E S(M), then Ro y+cp E §y+{M). Therefore the restriction of Roy+ to S(M) 
identifies a non-canonical isomorphism between S(M) and §y+{M). Observe that ([6|) entails 
that Roy+ is surjective since, for all p E §y+{M), p = R~yj^p E S(M) and R^y+p = p. □ 

With a slight abuse of notation, henceforth we shall indicate with Rq y+ the restriction of 
the extended Mpller operator to S(M). The adjective extended comes from a comparison with 
the Mpller operator used in |DHP15] . In this case it was required that the potential is compactly 
supported and smooth. 

Remark 1. Notice that the isomorphism implemented in dl]) is manifestly non-canonical since 
it depends explicitly on the choice of x"*", which, in turn, depends on the choice of N. Also the 
choice of using the retarded Green operator is purely conventional. We could have considered 
the advanced Green operator with the caveat of replacing everywhere x"*" with x~ = 1 ~ 

In order to get rid of the localization in time of V, we will exploit a notable property of the 
space of smooth solutions to any free field theory, namely the time-slice axiom |BGP07] . which 
we restate in a slightly unconventional form. 

Proposition 2.6. Let M be a globally hyperbolic spacetime and let the dynamics be ruled by 
©• Choose a Cauchy neighbourhood 0 C M and = r]^{t), a partition of unity subordinated 
to it, as per Definition \2.4\ Then the time-slice operator 

TS^ : Sy(M) ^ ^ ^ TS^i^) = [Pvh^^], (7) 

Py[L tc[E)\ 

is an isomorphism of vector spaces. The inverse operator TS'^~^ : —)• §>y{M) is [a] !->■ 

[a] = Gy a, where Gy is the causal propagator of Py. 

Furthermore, let §y^sc{M) be the collection of all smooth and spacelike compact solutions to 
namely p E §>y^sc{d^) If o.nd only if supp(:^) n S is compact for any choice of a Cauchy 
surface of M. Then 'Is an isomorphism between Sy^sciM) and • 

A proof of the properties of the time-slice operator has been given in [BD151 Theorem 3.4] 
for spacelike compact, smooth solutions to the Klein-Gordon equation. The extension to the 
case considered in the above proposition is a direct consequence of the properties of the domain 
of definition of the advanced and of the retarded Green operators. 
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Remark 2. Notice that fixing a Cauchy neighbourhood 0 in Proposition 12.61 implies actually that 
we can even consider the time-slice operator as an isomorphism between §v{M) and pj' [ rf ^_e | o)] ’ 
where E\q is the restriction of the vector bundle E. Different choices of with the same support 
properties, say r]f and do not affect ([7]) since, for every (p E Sy(M), ivi e Ttc{E\o). 

Hence is a representative of the trivial equivalence class in pJ' [ rf^_E | o)] ■ 

In our analysis this perspective will become useful and, to distinguish it, we will indicate it 
via 

TS^:§v{M)^ IP ^^TS^{p>) = [PvV+^]- 

Pl/[i tc{E\o)\ 

Notice that TSq is an isomorphism whose inverse TSq'~^ is still implemented by Gy, the causal 
propagator of V acting on (the representatives of) the equivalence classes of pj' [ rf^p|p) ] • With 
a slight abuse of notation we will often indicate Gy in place of TSq~^. 

Assume that 0 C J+(N)\!N, then for every a E rte(A'lo)) Py+ca = Pya since is identically 
1 on 0. In other words Py+[Ttc{E\o)] is isomorphic to From this it descends the 

following statement 

Proposition 2.7. Let M be a globally hyperbolic spacetime, N, 0 two Cauchy neighbourhoods 
of M. Let 0 C \!N and let x~^ = X^i^) be a a partition of unity subordinated to N. Then, 

the following is a chain of isomorphisms: 


S(M) 


-^o,v+ 

R-^ , 
o,v+ 


Sy+ (M) 




^tcjElo) x+j^-i TtcjElo) 

Py+[Tt,{E\o)] tfTo Py[Ttc{E\o)] ^ 


( 8 ) 


where §y{M) is the space of smooth solutions to ([T]), while TSq^ is defined as in ©■ 

Proof. All isomorphisms have been already proven or they descend from the general theory 
presented for example in [BGP07j. The onlv necessarv remark is that m is a linear wave 
equation and hence we can apply to it Proposition 12.61 □ 

We introduce a symbol for the isomorphism established in Proposition 12.71 that is 


D?oy+ :S(M)^Sv(M). (9) 

^oy+iT) = (GyoTSQ^ o 7?o,\/+) T, 

where we have translated in formulas ([8]). Notice that we kept the dependence on x explicit 
since it reminds us that this 1 : 1 map is non-canonical. 


3 The extended M0ller operator - Algebra of observables 

In this section we want to extend the isomorphism ([9]) from the level of smooth dynamical 
configurations to that of the algebra of observables. The construction of the latter is based on 










a well-established procedure, which we will recapitulate succinctly. For concreteness we will 
consider the dynamics ruled by ([I]), but, at all steps, the reader is free to replace V with either 
V~^ or even with 0. We shall follow mainly [BDH13| . 

As a starting point we define a family of functionals, labelled by smooth and compactly 
supported functions on M, that is, for all / S To{E), 

Ff : r{E) ^ M ip<-^ Ff{ip) = j dfigif, ip)e, 

M 

where d^g is the metric-induced volume measure and (,)^ the fiberwise scalar product on E. 
The next step consists of considering the restriction of the above functionals from r(iil) to 
Sv"(M), the dynamically allowed configurations. As a consequence we individuate redundant 
functionals. In other words Ff{ip) = 0 for all ip G §v{M) if and only if there exists h G 
such that / = Pyh. Consequently we introduce the following class of functionals, called linear 
classical observables 

This collection forms a vector space Ey^{M) which separates all configurations since, as a 
consequence of Hahn-Banach theorem, ro(£') separates the points in r(£') with respect to the 
pairing (i2|) . 

Additionally we notice that £y ®(M) comes endowed with a weakly non-degenerate symplectic 
form: 

ay : £^'*(M) X ^ M ^ ay(F[^],%]) = J dpg{f ,Gv{f')) e, (H) 

M 

where Gy is the causal propagator associated to Py. The compactness of the support of both 
/ and f guarantees the finiteness of the integral, while the properties of Gy entail both skew- 
symmetry and the independence from the choice of representatives. Starting from these premises 
we introduce the following unital ^-algebra 

CXD 

n=0 

where £y®(M;C) = Ey^{M) ® C while £y®(M;C)‘^° = C. The ^-operation is the standard 
extension of complex conjugation to the tensor product, which is unambiguously and fully 
determined by the relation (g) Fjj^, for all pairs of [/], [5] G P'f [ ro^£;)] ■ a 

last step we encode the canonical commutation relations by taking the quotient with respect to 
the *-ideal Jy(M) generated by F[j] (g) F[j-/] — Fj^/j (g) Fjj] — icjy(F[j], F[y/])I, where ay is given in 
pip and I is the unit in 7y^{M). The end-point is the algebra of observables 

- T'(V) ,,21 


9 







Notice that, since E.y^{M) is isomorphic to its labelling space pJ'[rQ^E)] ’ then (fT^ coincides with 
the standard algebra of fields, whose construction can be found for example in |BGPn7[ IBDH13] . 
We kept the subscript V explicit through all our discussion to emphasize its role in building all 
the relevant structures. Henceforth we will switch often between £y^(M) and its labelling space 
without mentioning explicitly the underlying isomorphism. 

We are now ready to make contact with the analysis of the previous section by using Q in 
(jlOl) . The result is the following family of functionals 

^ 1/1 

Notice that, in view of Theorem 12.51 and of Proposition [8l each Tjj] £ In order to 

characterize the properties of the whole family we need first two ancillary lemmas, aimed at 
studying the formal dual of the time-slice operator and of the extended Mpller operator: 

Lemma 3.1. Let (,) : §v,sc{M) x —>■ K &e the pairing 

{ip, [a]) = (V’, “) = / dfigiip, a)E- 

M 

Let TS^ be the time-slice operator as in ([7]). Then the formal dual of TS^ is the operator 
TS'^'* : Sv,sciM) pj'fro^p)] that 

= [Pyp-^P]. 

Here p~ = p~{t) £ C^{M) is a partition of unity subordinated to O', a Cauchy neighbourhood 
lying in J'''(0)\{0}. Furthermore TS^’* = and thus it is an isomorphism whose 

inverse is —Gy- 

Proof. Let ip £ Sy^sciM) and ip £ §y{M) be arbitrary. The following chain of identities holds 
true: 

{'lp,TS^{p)) = (^'tp,Pyp"^p^ = (^GyPyp~'lp,Pyp^p^ = 

= [PvP~f^,G^Pyp+pj = (^Pyp~'lp,p+p^ = {Pyp~'lp,p) , 

where, in the second identity, we have used that p~ is equal to 1 on 0 and that p~'ip is future 
compact. In the third equality, we have used that the formal adjoint of Gy is Gy, while in the 
last equality, we have removed since it is equal to 1 on O'. On account of the arbitrariness 
of both -0 and p and of the non-degenerateness of the pairing, it holds that TS^’*{ip) = Pyp~ip. 
Since Pyip = 0, Pyp~ip = —Pyp'^ip, which, per direct comparison with d?]) entails that TS^’* = 
Furthermore, on account of this identity, we can translate to TS^'* the properties 
of the time-slice operator as proven in [BD15| . in particular the independence from the choice 
of the Cauchy neighbourhood and of the partition of unity subordinated to it. □ 
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Remark 3. Notice that, if we choose a fixed Cauchy neighbourhood O', the dual time-slice 
operator can be read also as an isomorphism between §v,sciM) and pJ' [ ro^_E|Qd l' 
will write TSq’,*. Notice, moreover, that TSq’,* = —TSq, on §v,sciM). 

Lemma 3.2. Let Roy+ ■ S(M) ^ §y+{M) be the extended M0ller operator as per Q referred 
to the potential = Vx^■ Let (,) : $y+{M) x p ^ be the pairing such that, for all 
ip S $y+{M) and for all [a] G p (p) > 


[«]) / dpg{ip,a)E, 


(13) 


M 


where (,) is the fiberwise scalar product on E. Then the formal dual operator of Ro y+ is 


ft* ■ ^0(^1 ) ro(E) anrh fhnf 

^o,v+ ■ Py+ro{E) pro(_E) 


R; 


ly4a] = [(l-V+G-^)a 


(14) 


where a is any representative of [a] and Gy+ is the unique advanced Green operator associated 
to P + V^. Furthermore Rq y+ is an isomorphism of vector spaces whose inverse is R*fy\W] = 
[il + V~^G~)a'], where G~ is the advanced Green operator of P and [o'] G pp^^^ • 

Proof. Let u G S(M) and [a] G p ^°rf(p) arbitrary. It holds 

{Roy+U, [a]) = {u, a) - (G++C+U, a). 

The second term on the right hand side can be written as 

(Gy+V~''u,a) = [ dpg{{Gy+V^u),a)E 

Jm 


[ dpg{{G^+V+u),Py+Gy+a)E 
JM 

/ dpg{x){V~^u,Gy+a)E= dpg{u,{V~^Gy+)a)E, 
JM JM 


where in the second equality we have used that Py+ o = fd|rg(p). In the third, we have 
exploited both that Py+ is formally self-adjoint and that supp(y'''M) n supp(Gy+Q;) is compact. 
Furthermore, the whole chain of identities does not depend on the choice of representative in 
[a], since, for all Py+h, h G ro(F'), 











where we used the compactness of h together with the intertwining property proven in Theorem 
12.51 By merging together all identities, we obtain: 


{Roy+u, [a]) = (u, [(I - B+G^+)(a)]) = ^+[a]), 


from which the sought result descends, being the pairing non-degenerate. To prove that y+ 
is an isomorphism of vector spaces, it suffices to show that Rqy+ = I + V+G- is indeed the 
inverse operator. For every [a'] G it holds 



° '^oy+) 


a 


(l - + V+G- - V+Gy+V+G-) o'' 

(l - V+Gy+ + V+G- - V+Gy+{Pv+ - P)G-) a' 


\a 


where, in the last identity we used both that 
Analogously one shows that, for every [a] 
concludes the proof. 

Corollary 3.3. LetR* y+ =I-V+Gy+ : Tf 
as well as 

Roy+ ° G"*" = Gy^ : rpc{E) — >■ Tpc{E), (15a) 

Roy+ o G O Rly+ = Gy+ : ro(.E) ^ §v.+ (M), (15b) 

where G^ and Gy+ are the advanced and retarded Green operators of P and Pv+ respectively. 


PoG = id\-p^(^E) that Gy+ o Py+ = id\-pp^(^E)- 

^ p^+r?{E) ’ (^oy+°-^o,F+) [“] = H and this 

□ 

]{E) —)■ ro(F'). Then it holds that i?* y^ °Pv+ = P 


Proof. The first statement descends from the following chain of identities: Let (,) be the pairing 
([^. Then, in view of the domain of defintion and of the support properties of the advanced and 
retarded Green operators, for any / G FtdE) it holds 


Ro,v+G+{f) = G+^Py^Roy+G+{f) = G++(/), 

where we used the intertwining property proven in Theorem 12.51 The arbitrariness of / entails 
the sought conclusion. The second statement recasts in this framework the results of |DHP15l 
Lemma 3.1]. Since the proof is identical up to minor modifications, we omit it. □ 

We have gathered all ingredients to state the main result of this section 

Proposition 3.4. Let 3?* p.+ : ^ PGro^g)] 

[/] = - («o,y+ ° TSV’* ° Gv) /, (16) 

where RQy+ defined in Lemma [23 0 is a Cauchy neighbourhood of M, lying in J“'"(Af) \ Af 
and TSq ’* is the dual time-slice operator defined in Lemma \3.1\ and Remark\^ Then y+ 
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1. is the dual operator to ([9]) on pJ’[ro^E)] respect to the pairing (fTHIl 


2. realizes a symplectic isomorphism between {E.y^{M),av) and {E.°^^{M),a) via the map 
assigning to any Fjjj G Ey^{M), G where [/] = ^Qy+[f]- 

Proof. Let us start from 1. The statement descends directly from the definition of IRg V"+ of 
the pairing (jl3|) , by plugging in the results of Lemma 13.11 and of Lemma 13.21 

Let us focus on 2. Notice that, for every [/] G pJ' [ ro^p)] for every u G §(M) 

F[f]{Jloy+{u)) = (3?oy+N, /) = («, iRo,v+ ° o Gy)(/)) = F^j^iu). 

To show that we have identified an isomorphism between Ey^{M) and we recall that in 

Lemma 13.21 and in Lemma l3.ll we have already shown that each of the operators used to define 
ILq y+ admits an inverse. Putting them together it turns out that 3^0^+ = TSq o Gy+ o Rq'^+ 
is both a left and a right inverse of IRg y+. Notice that it is necessary that 0 is chosen to lie in 
J+(N)\N. 

To conclude we need to prove that the symplectic forms are preserved. Let [/], [/'] G 
and choose two representatives f,f' G ro(0). Then it holds; 

y+[/],3?* y+[/']) = J dfig{[Rly+ o T ’* o Gy) f , G [Rly+ o T O Gv) f')E = 

M 

I dpgiGvif) , {tS^ o R^y+ O G O R*y+ O TSf'* O Gv) f)E = 

M 

- 1 df,g{Gvif) , {Tsf O Gy+) f')E = - / dfigiGvif) , f')E = avilf], if]) 

M M 

In the third line we used both that TSq, o Gy is the identity and that, in view of Lemma 
13.11 and of Remark [3] = —TSq,. Furthermore we have also used (115bp as well as that 

TSf^ o Gy+= id\ ro(Bio) . □ 

Py+[ro(i5|o)] 

Proposition 13.41 establishes via the extended Mpller operator an isomorphism between the 
building blocks of the algebra of observables with and without the formally self-adjoint poten¬ 
tial V, realized by the operator Ik* y+ . As a by-product such result extends first of all to an 
isomorphism between £°^®(M;C)®"' and £y®(M;C)®"' for all n > 0. Secondly, since lkoy+ is a 
symplectomorphism, it turns out that also the ideal encoding the canonical commutation rela¬ 
tions Jv{M;C) is isomorphic to J(M; C). Indicating the extension of IRg to as 

we have identified ultimately the following isomorphism 

A°^*(M), (17) 

where the action is unambiguously defined on the generators as in Proposition 13.41 and, for 
notational simplicity, we kept the symbol Ik^^y* also for the map between the quotient algebras. 


13 








4 The deformation argument 


In this section we are interested in studying algebraic states and their interplay with the ex¬ 
tended Mpller operator. Recall that, given any unital *-algebra A, a (algebraic) state is a linear 
functional u : A ^ C- such that 

a;(I) = 1, oj{a*a) >0 \/a £ A, 

where I is the unit element in A. Via the celebrated GNS theorem, one recovers the prob¬ 
abilistic interpretation proper of quantum theories, namely to the pair [A, w) it is associated a 
unique (up to unitary transformation) triple (R^jj flcj) where is a dense subspace of an 
Hilbert space and € Hom{A, L{T)ij)) is compatible with the ^-operation. Furthermore 

G Rto) is a unit-norm cyclic vector such that 7r^(Rtj)Otj = 

Let us now restrict our attention to the algebra of fields Ay^{M) of a free field theory whose 
dynamics obeys ([T|). In this case, between the plethora of algebraic states, only a few of them 
can be considered as physically acceptable, this class going under the name of Hadamard states. 
The criterion which singles them out is well-known in the literature and we will not dwell into 
the details, leaving an interested reader to the recent review |KM14] and references therein. For 
the sake of this paper we will focus our attention on the so-called quasi-free/Gaussian states, 
that is uj : Ay^{M) —)• C is completely reconstructed from its two-poiut function 

0J2 ■ ^o{E) ® ro(L^) —)• C, 

subject to the constraints of being a) continuous with respect to the test-section topology of 
Fo(L^), [BGP071 Def. 1.1.1], b) positive, i.e. W 2 (/®/) > 0 for all / G Fo(L^), c) compatible with 
the equations of motion, that is (P\/( 8 )I)cj 2 = = 0 and d) compatible with the canonical 

commutation relations, namely 0J2{f <8* f) — aj 2 {f' <8) /) = iayif, f')^, for all /, f G ro(£^), cry 
being the symplectic form ( 1111 ) and I being the identity element of the algebra. Notice that the 
two-point function identifies a bi-distribution which we indicate still as UJ2 G D'{E x E). Here 
V G F(S) is arbitrary, possibly even vanishing. 

Additionally we shall require UJ 2 to fulfill the so-called Hadamard condition which is a con¬ 
straint on the singular structure of the two-point function expressed in terms of the associated 
wavefront set, see e.g., |KM14j : 

WF{l 02 ) = {{x,kx,y,ky) G T*{M x M)\ {0} | {x,kx) ~ {y,-ky) and kx>0}, (18) 

where ~ means that x and y are connected by a lightlike geodesic whose co-tangent vector at x is 
kx, while —ky is the parallel transport to y of kx along such geodesic. The symbol > entails that 
kx is future directed. Notice that, for vector valued distributions, the wavefront set is defined 
as the union of that of all components |SV01| . From a physical point of view Hadamard states 
are of interest since on the one hand they reproduce the ultraviolet behaviour of the Poincare 
vacuum and they guarantee that all quantum fluctuations of observables are finite. On the 
other hand they are the key ingredient in the definition of Wick polynomials, the building block 
for dealing with interactions in a perturbative scheme. Notice that, in this section, we could 
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avoid the requirement of cj being quasi-free, checking instead the wavefront set of the truncated 
two-point function, hence exploiting the results of [SanlOj . 

We will not be interested in this aspect, rather on the existence of Hadamard states. It is an 
old milestone that, for free field theories on a globally hyperbolic spacetime, one can guarantee 
via a spacetime deformation argument that a Hadamard state does exist [FNW81] , barring those 
exceptions mentioned in the introduction. The intrinsic drawback of the deformation procedure 
is that one loses any control on the invariance of the resulting state under the action of the 
background isometries. Ultimately this is an undesirable feature since, although not necessary 
from a technical point of view nor often explicitly spelled out, such invariance is certainly 
sought from a physical point of view. Unless impossible to construct {e.g a state invariant under 
time translation for a massless, minimally coupled, scalar field on a static, globally hyperbolic 
spacetime with compact Cauchy surfaces), in concrete models all computations are done with 
respect to a state invariant under the action of all isometries. For this reason, the first step is 
always to look for one of such Hadamard states. In the past years several methods have been 
devised to identify one or more of these states, see for example [DHPlOt IDMPOQ^ IDMPOQbl 
lOlbOTl ISanlSl [TB13| and also |GW16l rVW15| . However, unless one considers highly symmetric 
backgrounds, such as those homogeneous and isotropic, when a mode expansion is a viable tool, 
a construction scheme has been found only for specific field theories with a given value of the 
mass and of the coupling of scalar curvature. 

The reason lies often in the possibility to exploit additional, special properties of the un¬ 
derlying equation of motion, such as, for example, a good behaviour of the space of dynamical 
configurations and of observables under a conformal rescaling of the metric - see for example the 
case of a massless, conformally coupled scalar field on an asymptotically flat spacetime [DMPnh] . 

We will show that by means of the extended Mpller operator and of the results of the previous 
sections, one can also introduce a deformation argument in parameter space. In a few 
heuristic words, such argument guarantees that, if we can construct a Hadamard state, invariant 
under all background isometries, for a free field theory with a given value of the mass and of 
the coupling to scalar curvature, then one can induce a counterpart state for any value of these 
quantities. Furthermore such state fulfils the Hadamard condition and it is invariant under 
all background isometries, whose associated Killing field is at each point tangent to one of the 
Cauchy surfaces {t} x S of the underlying globally hyperbolic spacetime - see Proposition 12.31 
One should be aware that our procedure deals with a more general scenario, since we will be 
able to induce Hadamard states from one free scalar field theory to another, provided that their 
dynamics differs only by a smooth potential. For practical purposes the most interesting cases 
are those in which such potential is of the form m being the mass and R the scalar 

curvature, while ^ G M. 

Remark 4. Whenever the manifold M of interest is equipped with a complete Killing vector field 
X, we denote with ax (A) : M ^ M the action of the one-parameter subgroup of the isometry 
group, built from X via the exponential map. Here A ranges over the whole M on account of the 
hypothesis of completeness of X. The one-parameter subgroup acts on C°°{M,W) by defining 
(a5('(A)/)(x) = f{af(^{X)x) for all / G W). Similarly, we may lift the action of ax(A) on 
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r(S) by exploiting the choice of the (,)^-connection on E made at the beginning of Section [21 
Indeed, any curve ax (A) admits a unique parallel lift ax (A) on E |KN63l Chap. 2]; we can then 
define the one-parameter subgroup ax (A) : T{E) — )■ r(£') as (ax(A)s)(x) := ax(A)s(a3^^(A)(x)), 
which is well defined section due to the lift relation vr o ax (A) = ax (A) o vr. 

For definiteness we consider smooth sections of a vector bundle, whose dynamics is ruled 
by a normally hyperbolic operator Py = P + V as described in Section |21 We start from 
the assumption that we have built a quasifree Hadamard state invariant under all background 
isometries when the dynamics is ruled by ([T]) with 1/ = 0. Implicitly we are also assuming that 
the operator P intertwines with the action of any isometry lifted to the smooth sections of the 
underlying vector bundle. The canonical example, that we have in mind, is the Klein-Gordon 
operator. Our main result, whose proof is inspired by the deformation argument of [Ful89] . is 
the following: 

Theorem 4.1. Let (M, g) he a globally hyperbolic spacetime, isometric to M x S and f : M x S ^ 
M a fixed time coordinate, compatible with Provosition \2.lA Let ^ be any complete Killing vector 
field o/ M X S such that = 0, where x'^ identifies a partition of unity subordinated 

to the Cauchy neighbourhood N, as in Definition \2.4\ Let ([) G F(£') be such that Pfi = 0. 
Let be the associated algebra of observables (fT2]i together with iw : —>■ C, 

a quasi-free Hadamard state. If Py = P + V is such that V is a smooth potential and if 
: Ay^{M) —)■ is the isomorphism (fT7|l . then 

Ujy= coo : A°^%M) C, 

a !-)• ojy{a) = a;(a)) 

has the following properties: 


1. It is a quasi-free Hadamard state. 


2. Leaving implicit the isometry between M and M x S, it is invariant under the action of 
any ^ as per hypothesis, provided that co enjoys the same property and that L^V = 0. 

Proof. Let coy be as per hypothesis. Since it is defined composing co with , which is in turn 
built out of a symplectic isomorphism between and Ly^{M) intertwining the equations 

of motion, it inherits the property of being a quasi-free state. In order to check whether ooy is 
Hadamard let us focus on its two-point function, namely, VTjj], Pyn^ G (M), 


(F[^] ® ) = ca ) = C02 {Rly+ o oGy{f),Rly+o oGy{f)), 


o,v+ 


where C02 G !D'(F x F) is the bi-distribution associated to co. Notice that, if we consider the 
restriction of 002 to 0 the two-point function thereon is C 02 y+ = a; 2 (Fg y+«, Fg y+«) where 

Fq y+ = I — V^Gy+. The latter can also be read as the restriction to 0 of the two-point 
function of a quasi-free state for the sections of a vector bundle with dynamics built out of the 
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time-dependant potential V~^{t) = Vx'^{t), x"*" being the partition of unity subordinated to Isf. 
Notice that, since ui is of Hadamard form per hypothesis, we can apply [KM141 Proposition 16] 
to conclude that also 0^2 v+ bas such form since it coincides with cj2 in the past of N where 
X"'' vanishes. In turn since the two-point function of coy coincides with uj2y+ on 0, ujy is a 
Hadamard state. 

Let us focus on S. and let us call as ag(A) : M ^ M the action of the one-parameter 
subgroup of the isometry group, built from ^ via the exponential map. Notice that A ranges 
over the whole M on account of the hypothesis of completeness of In the sense of Remark 0] 
5jv(A) induces an action on r(ii'). Assume that cu is a quasi-free Hadamard state for 
invariant under the action of all isometries. Furthermore, in view of the hypothesis £^(x'*') = 0, 
we notice that RQy+a^(A) = a^{X)RQy+, for all A E M, the only non-trivial identity being 
Gy^ o 5^ (A) = 5^ (A) o Gy+ on ro(£'). The latter descends from the following chain of identities: 
For all / E ro(£^) and a E Ttc.{E) 

((G-+ o ag(A))/, a) = (/, (5^(-A) o G++)a) = (Py+G'+Z, (5^(-A) o G++)a) 

= {Gy+f, {Pv+ ° ° Gy+)a) = {Gy+f, (d^(—A) o Py+ o Gy+)a) = 

= iGy+f,a^{-X)a) = (5^(A)G“+/,a), 

where (,) is the non-degenerate pairing between ro(P) and TtdE). Notice that we have implic¬ 
itly used the following property: Since ^ is a Killing field, then supp(5g(A)(Z) C a^(A)(supp((/>)) 
for all (j) E r(P). The same result applies if we restrict our attention to sections lying in Tq{E) 
or in j^^{E). We used that the pairing is the one induced from the metric, that the inverse 
of 5^(A) is 5^(—A) and that Py+ is built out of the metric and of x^(^)- To summarize, for 
every [/], [/'] E chosen two representatives /,/' E ro(P|o) where 0 is a Cauchy 

neighbourhood such that x"*'lo = I, it holds that 

= uiia^iX) o Rly+if)), («^(A) o PS,y+(/')) = «Sy+(/')) = /')• 

This implies invariance of ujy under the action of the isometry built out of ^ E F(TM). □ 

The main drawback of the previous theorem is the lack of any control on the action on 0 J 2 y of 
any isometry whose associated Killing field is such that T^'X"*" 7^ 0- While in many interesting 
scenarios, such as cosmological or Bianchi spacetimes, there are none of such symmetries, from 
a structural point of view, this is certainly an unwanted feature. As a concrete example consider 
any static, globally hyperbolic, four-dimensional spacetime with a non-compact Cauchy surface 
and consider the ground or a KMS state io on for a massless, minimally coupled scalar 

field, built out of the timelike Killing field. It enjoys the Hadamard property as proven in [SVOOj . 
Yet, the corresponding state on Ay^{M) built as per Theorem 14.11 while still Hadamard fails 
to be either a ground or a KMS state. While one might argue that, in these scenarios, one 
can proceed to a direct construction of Hadamard states without resorting to Theorem 14.11 the 
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question, whether the dependence on the cut-off can be removed under suitable conditions, is a 
worthy one. 

A priori we expect that there is no positive answer in all possible scenarios, since it is 
known that certain free field theories, e.g. the massless and minimally coupled scalar field on 
four-dimensional de Sitter spacetime, do not possess a ground state even though their massive 
counterpart does. 

We seek for a way of implementing a sort of adiabatic limit with respect to the cut-off 
function x~^- A direct approach is doomed to failure since, if we let the cut-off function tend to the 
constant function 1, the dual to the improved Mpller operator converges to R^ y = I-VGy 

in the topology of r(E). In other words the image of a compactly supported, smooth section 
is no longer compact and, hence, there is no guarantee that uj 2(RI y, Ri y) is a well-defined 
bi-distribution. Therefore we follow a strategy very similar in spirit to the one used in [FL14| 
to cope with an almost identical problem in defining thermal states for interacting field theories 
at a perturbative level. 

More precisely let a; be a quasi-free Hadamard state for and let wy be the coun¬ 

terpart for Ay^{M) built as per Theorem 14.11 Let W 2 ,y £ T>'{E x E) be its two-point function. 
For any A > 0 let = Vxx, where x^(t) = For later convenience and without loss 

of generality is chosen as in Dehnition 12.41 with the additional requirement that y'*' is a 
partition of unity subordinated to an arbitrary, but fixed Cauchy neighborhood Isf such that the 
Cauchy surface at t = 0 lies in \N. Notice that this entails y"’'(0) = 1 and, consequently, 

y^(0) = 1 for all A > 0. In addition choose a second Cauchy neighborhood 0 C \ N 

and, for every [/] e p^frf(E) ^ ^o,W,a[/] = i^oy+Af)] = [(I “ ^^GyAif)]- Then, for any 

/, f eTo{E), we call 

Kvyx = Royyx ° o Gy, (19) 

u:2yx{f, f) = U2{0lly+Af'i ® Kvyxif']), ( 20 ) 

where [/], [/'] are the equivalence classes in built out / and f respectively. The adiabatic 

limit consists of taking the limit for A —>• oo of this last expression. Two questions arise, namely if 
the limit exists and, if so, which are the properties of the resulting state. In the next proposition 
we address this second issue, leaving a partial answer to the first one to the next section. 

Proposition 4.2. Let w : yi°^"(M) y C be a quasi-free Hadamard state and let /,/' £ Tq{E). 
Define 0J2,v,x cis dSQ]) and let 


W2.y (/,/') = lim u}2yxifJ')- 

A—)-oo 

If the limit exists, it defines a distribution Ay S T>'{E x E), such that it identifies a quasi-free 
state ujy for Ay ^{M). Such a state is invariant under the action both of time-translation if this 
is an isometry of{M,g) and of any complete Killing field £ T{TM) which, up to the isometry 
between M and M x S satisfies the hypotheses of Theorem \4-l\ provided also that oj enjoys the 
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same property and that L^V = L^V = 0, where n is the vector field which coincides at each 
point with t being chosen as in the third item of Provosition fKM 

Proof. The statement is a direct consequence of the assumption that a; is a quasi-free state. With 
respect to the canonical commutation relations (OCRs), it is enough to observe that, for any 
/,/' E ro(£l) it holds {Gy+ = (Gy/,/') for sufficiently large A. As a consequence Gy+^x 

converges weakly to Gy, thus dj2y is compatible with the CCRs. On account of Theorem 14.11 
each i 02 ,v,x is a quasi-free Hadamard state. If the limit as A —)• oo is well-defined, 0 J 2 y preserves 
the property of being positive. Furthermore, for any /,/' E Tq{E), notice that there exists a 
finite value of A E M such that Pyf = Py. + /, where • In particular this entails that, for 

all A > A, uj 2 y,\{Pvf, /') = 0 and, consequently, once taking the limit A —>■ oo, U 2 y{Pv f, f) = 0. 
Analogously the same result holds true for ui2y{f-, Pyf') with / and /' E arbitrary. Hence 

dj2y specifies a unique quasi-free state on Ay^{M). 

Now let us consider any complete Killing field ^ E r(TM) and let : M —>• M, ry E M be 

the action on M of the associated 1-parameter group of isometries, while : T{E) —)• r(£') is 

the action induced by a on the smooth sections of E. We observe that G“+ oag(ry) = a^(ry)G“+ , 

^A,r7 

where 14,»? = Pxtr]’ being Xxr) ^ {^^{~'n)x~^)x- To prove this identity, first of all we compute, 
for any value of A and of p: 

Pv+^ («$(-??) o G"+ o oPo G“+ o 5^(7?) -h o 5 ^(-ry) o G"+ o 5 ^(ry) 

= Py+ ° G-+ O 5 ^(ry) = 

In the second equality, we used that P commutes per assumption with the action of all isometries 
and that 5 ^( 77 )“^ = 5^(— 77 ). A similar calculation proves that ( 5^(— 77 ) o G7 , o 0 ^( 77 ) I Py+ = 
idli^tciE)- Additionally, for every ip E TtdE), it holds; 

5 g(- 77 ) o G-+ o 5^(77)^ = ad-v) (^supp (^(^G^+ o a^v)^ (<^))) ^ 

C a^(-77)J"(supp(55(77)((7?))) = J-{supp{p)). 


supp 


In other words a^{—rj) o G + o 0 ^( 77 ) is an advanced Green operator for Py+ on TtdE). Since 
Pjr+ is formally self-adjoint with respect to the standard pairing between TtdP) and Tq{E), 


y 


X,ri 


the results of |Barl3] guarantee us that the advanced and retarded fundamental solutions are 
unique. Hence 5^(— 77 ) o G~+ o 5 ^( 77 ) coincides with . As a consequence it holds that, for 

any fixed value of A and for any 77 E M, 


A,7) 


r; 


0,\/+,A ° ° Pa^{r]){0y+,X)' 


where R~ (^)(Qy+ = ii “ Pxrj ° P'y+ ■ Combining this information with the property of the 


X,ri 
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it holds that 


time-slice operator TSq^ ’ o a^{r]) = a^{r]) o , 

^o,v+,A ° ««(^) = ««(^) ° ^S^(^)(o,v+,A)’ (21) 

where = ^~(^)(o,v+,A) ° ^^2(-5(0) ° conclude, consider any pair 

/, /' E ro(-E) and suppose that ^ is one of the Killing fields as per hypothesis; it holds 

where we used the hypothesis of invariance of to. The case when ^ is a Killing field such that 
T^X+ = 0 and = 0 entails that ,x) = %,v+,x)- Hence, as already proven in 

Theorem HU for each A E M, the corresponding state is invariant under the action of these 
isometries and the same holds true necessarily when taking the limit as A —)■ oo. When ^ 
coincides with n, the effect of and of q;„ is only to translate in the time-direction. Hence, 
taking the limit for A ^ oo, under the additional hypothesis that LnV = 0, the left hand 
side converges to W 2 ,y (dn(^)(/), «„(?/) (/O) while the right hand side to W 2 ,v(/) f) which is the 
sought statement. □ 

Remark 5. Notice that, in the above proposition, we have no control of the action of those 
isometries whose associated complete Killing held ^ is neither proportional to n nor fulhlling the 
hypotheses of Theorem l4.ll Hence, when present, invariance under the action of these remaining 
isometries should be checked case by case. The prime example consists of applying this method 
to Minkowski spacetime starting from the vacuum state for a free massive or massless scalar 
held. In this case, the adiabatic limit exists and it coincides with the ground state. Hence it is 
invariant under the action of the whole Poincare group. 

It remains to be shown that there exist cases in which the adiabatic limit can be taken and 
thus the hypotheses of Proposition 14.21 are met. 

5 The adiabatic limit on static spacetimes — sufficient conditions 

As a last step, we discuss the convergence of (l20l) on static spacetimes, showing in particular 
that it can be reduced to studying the properties of the eigenfunctions of the Laplace-Beltrami 
operator built out of the metric induced on a Cauchy surface. This procedure generalizes the 
strategy used in [DHP15| to deal with the adiabatic limit on Minkowski spacetime. For the rest 
of the section we will make the following additional assumptions: 

1. {M,g) is a globally hyperbolic, ultrastatic spacetime with a non compact Cauchy surface. 
With reference to Proposition 12.,31 this entails that /3 = 1 and that, for each t E M, the 
metric ht is time-independent. 

2. As starting point, we consider a minimally coupled real scalar field (j) £ C°°{M) with a 
fixed value mi of the mass. The equation of motion is P(j) = (— — K — mf) cj) = 0, where 
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K is minus the Laplace operator built out of h, the Riemannian metric on any Cauchy 
surface of M. The role of the potential V is played by — mf, where m 2 is another, 
possibly vanishing, value of the mass. 

3. We consider lo : —)• C to be a quasi-free ground state, which is of Hadamard form 

in view of the results of |SV00] . 

As the title of the section suggests, the whole construction works also for static spacetime. 
The price to pay is that the function /3 becomes dependent also on the spatial coordinates. 
Hence the Klein-Gordon operator becomes of the form considered in item 2. only if one replaces 
(j) with (j)' = and iL, though still elliptic, is no longer just the Laplace operator, but 

acquires extra terms. We feel that avoiding these additional complications enhances the clarity 
of the presentation. The main tool that we will be making use of is a mode expansion which for 
static, globally hyperbolic spacetimes, has been discussed in |Ful89] and, from a more complete 
mathematical point of view, recently in [Avel4[ Section 2]. We refer especially to this last paper 
for more technical details. Following [Ful89| . we decompose the two-point function of a ground 
state as 

^2,jix,y) = J dfi{k)Tkj{t)Tkj{t')'il;k{x)'ilJk{y), ( 22 ) 

where x = {t,x), y = {t',y) while j = 1,2 is introduced to distinguish between the values mi 
and m 2 of the mass, which are our starting and arrival point respectively. Here each is an 
eigenfunction of the positive elliptic operator K, that is Kijik = ^k'4’k, Afc E M and d/i^k) is a 
suitable spectral measure - see |Avel4| . At the same time each obeys to the ODE: 

Tk,j{t) + (A| -|- m'j)Tkj{t) = 0, (23) 

where j = 1,2 distinguishes between the case when we consider the mass mi or m 2 . Furthermore 
the following normalisation condition is imposed for the Wronski determinant: 

Tk,j{t)Tkj{t) - Tkj{t)tkj{t) = i. Vfc, and j = 1, 2 

We select the solution Tfc,i(0 = ’ (positive frequency splitting) with = Xf, + mf. A 

similar expansion can be written for the two-point function W2,x(')') = W2,i(f?o ¥+'■’ ^0 y+) where 
Rqyi- = I — V^Gy^ with F+ = (ml — mi)x~^{t) and where Gy+ is the advanced fundamental 
solution of Pv+ = P + V^. In this case u}2,x acquires the same form of (I22p . though with Ti ^(f) 
and Ti fc(f) replaced by Tfc,x(^) its complex conjugate, fulfilling the ordinary differential 
equation 

Dfc,x(t) + (Afc + ml + (m| — m\)x{t))Tk,x{t) = 0; (24:) 

with the initial condition Tk^xi^o) ~ 'Pi,k{to) for to G M \ supp(x^). Notice that, in comparison 

to (j2Up . we are discarding the contribution of TSq^ ’ o Gy. This is legitimate since, in view of 
Lemma [3T] and of the properties of 0, the difference between any / E C^{M) and its image 
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under the action of these operators lies in the image of Py, which vanishes when evaluated on 
a state for Ay^{M). 

In order to perform the adiabatic limit x 1; first of all we write the cut-off x(^) in the 

t 

form / dsf{s) with / £ C'^(M) and such that /_oods/(s) = 1- If we replace such x with 

— OO 

Xn{t) = x(^); the limit x 1 corresponds to n —)• oo. 

Furthermore we observe that formula (I22p expresses the two-point function of the state as 
the application of /j’* on K, being (Afc) = Tkj{t)Tkj(t'). Actually for any u,v G C^{M) it 
holds 

0 J 2 ,j{u,v) = J dtdt'{^fY){K){u{t,-)v{t'y)) j = l,2. (25) 

RxR 


In a similar way W 2 ,n = ^2,xn ean be expressed as the application of on K, where now 
fn'i^k) = Tk,nit)Tk,nit'), being Tk^n the modes obtained from by substituting x ^ Xn- 
Therefore the problem of addressing the adiabatic limit is reduced to show that the sequence 
(/h* ){K) converges to {f^’^ ){K) in an operational meaningful waj0. 

Since K is self adjoint on L^(S), where S is an arbitrary but fixed Cauchy surface, and 
f 2 ^ , fn’*^ are all measurable functions on its spectrum, standard results of spectral analysis 
allow us to conclude that the wanted convergence is reached whenever the following conditions 
are met: 

1 . are bounded on (T(iF); 

2- SUp„ ||/n’*'lloo < OO. 

3. converges pointwise to ; 

The first two conditions are met whenever we consider mi, m 2 > 0. In the case when mi = 0, 
^k,n{t) = -^1 + kUi + {m 2 — rni)xn{t) vanishes if the eigenvalue = 0. This specihc case is 
the one responsible for the failure of this procedure when we try to apply it to a massless, 
minimally coupled, real scalar field on a globally hyperbolic, static spacetime with compact 
Cauchy surfaces. Yet, in the general case we can still give a sufficient condition, which involves 
further properties of the spectral measure dfj,{k), to ensure the convergence. Rearranging the 
eigenvalues so that Xk vanishes if A: = 0, the following lemma holds true: 


Lemma 5.1. In the above hypotheses, if mi,m 2 > 0, then the two-point function 0 ) 2 ,n converges 
to a two-point function for a real scalar field with mass m 2 - If mi = 0 (m 2 = Oj and the spectral 
measure dii{k) is such that 


lim 

€->■ 0 + 


'\\k\<e |Afc| 


dp{k) = 0, 


(26) 


then the sequence of two-point functions C 02 ,n is convergent. Furthermore the limit two-point 
function identifies a ground state, which is of Hadamard form. 

^Note that the time integration will definitely play no role since all integrals in (1251) are compactly supported. 
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Proof. The idea of the proof is a natural generalization of the one present in [DHP15| (see also 
[Avel4l Section 2]) for the case of Minkowski spacetime. 

First we deal with the case mi, m 2 > 0. In order to control the limit of as n —)■ 00 for 

all values of the time coordinate t, we introduce auxiliary modes, namely 


^ k^n^a 


it) = 



(27) 


where to is an (inessential) arbitrary but fixed times such that to & J supp(x )• Notice that, 
when n —)• 00 , Tk,n,a{t)Tk,n,a{t') —>• f 2 ^ (k) i.e. the product of the auxiliary modes pointwisely 
converges to the product of those necessary to construct the ground state for a real scalar field 
of mass m 2 , cfr (I23p . As a next step we prove that, in the same limit, then tends 

to 0. We observe that Tk^n,a{t) obeys to the differential equation 


'^k,n,a T (f^k,n T ^k,n^ '^k,n,a 0, 


(28) 


where 


^k,n (^) 


1 ^k,n 3 ^k,n 

2 tOk,n 4 


If we regard ([25]) as (IMl) plus a potential —(5fc„(t) which can be treated as a perturbation, we 
can construct Tk^n via a Dyson series as 


h-i 


Tk,n{t) =Tk^n,a{t) f clti j dt 2 ... j dt^ A%^(t,ti)K%^{ti,t 2 ) ■ ■ 

D _1 J J J 

—oo —oo —oo 


■ "^k^n (^£)^/c,n,a(^£) •> 

where is the retarded propagator of the unperturbed equation, namely, for any h ^ 

t 

t sm{J Uk^n{s)ds) 

^R{h){t)= / dT^^==h{T). 


' ^fc,n(’^)^fc,n(^) 

Similarly to [DHP15] . the following estimate descends from the Dyson series: 


CX3/ 
0 


\Tk,n - Tk,n,a\ < 




1 I / f ^ l'^fc,n('^)| 
-1 + exp( / dr —^-y^) 


< 


c 




dr |(m 2 — ml) 


d? {tot 


dr"^ 


+ / dr 


^k,n{T) 

d{uj 


< 


2 

k.n^ ' 


dr 


(29) 
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where C* is a suitable positive constant. It then follows from (j29p that |Tfc „ — Ta^n,k\ tends to 0, 
proving the pointwise convergence ^ Ji¬ 
lt remains to show that supp„||/^||oo < oo: in view of the definition of the modes Tk^n,a{t), 
we notice that 

\Tk,n{t)\ < \Tk,n{t) — Tk^n,a{t)\ + \Tk,n,a{t) “ ^2,fe(i)l + l^2,fc(i)l ^ 

where C is a positive constant, T 2 ^k are the modes built out of (1231) . replacing mi with m 2 and 
where the last inequality descends from (12^ . having defined Uk = niin(a;i^fc,a; 2 ,A:)- 

This concludes the proof for the case mi, m 2 > 0. We stress that the above arguments relies 
on the assumption that we started from a massive real scalar field, since, in the massless case, 
ujk,n might not be bounded from below by a positive constant. 

Assume now for simplicity mi = 0, m 2 > 0: we introduce the energy for the modified modes 

Ek,n{t) = \Tk,n{t)\^ ■ (30) 

By choosing x to be monotonically increasing we get that oj'f. „ is monotonically increasing too, 
and therefore 


d (Ek,n\ 

From that we can infer that 


-\Tk,r, 


2, ,-4 


UJ 


k.n 


dt 


2 

^k,r 


< 0 . 




Ek,n(t) ^ Ek^ni^o) 


1 


having chosen to such that Xn{to) = 0. 

Thanks to property (|26l) . we can now write the difference uj 2 ,n{f, f) —dj 2 {f, f'), where /, /' € 
C^{M), as an integral in the measure dfj,{k), splitting it into the contribution for |Afcl ^ e 
respectively. 

The first contribution tends to zero as n —)■ oo on account of the same arguments used for 
the massive case, while the latter one can be estimated, see ([5]), as J^^^^^^\Xk\~^dfj,{k) which 
tends to zero as e ^ 0. 

To conclude the proof, it suffices to notice that ([22]) itself guarantees that we have built a 
ground state for a real scalar field with mass m 2 . This is of Hadamard form as a consequence 
of the analysis in [SVOn] . □ 
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